International Journal of Advance and Innovative Research ISSN 2394 - 7780
Volume 13, Issue 1 (XI): January - March 2026 -

THE SOLUTION OF SOME FRACTIONAL DIFFERENTIAL EQUATIONS BY SUMUDU
TRANSFORM METHOD

'D. S. Bodkhe and °D. B. Vaidya
'Head Department of Mathematics, Anandrao Dhonde Alias Babaji Mahavidyalaya, Kada - 414202, India
*head Department of Mathematics, Bhagwan Mahavidyalaya, Ashti - 414203, India

ABSTRACT
In this paper, the solutions of some fractional differential equations are obtained by using Sumudu transform.
The fractional derivative is considered in the Caputo sense. Some illustrative examples are also given.
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1 INTRODUCTION

The fractional differential equations occurs in applied mathematics, physics, engineering sciences and other
branches of knowledge. Fractional integrals and derivatives have various definitions and take various names in

the literature. In this paper, we apply the Sumudu transform to some fractional differential equations of Caputo
type and give some illustrative examples.

The Sumudu transform is an integral transform introduced by Watugala G. K. in the year 1990 to solve
differential equations and control engineering problems [4]. The Sumudu transform can be used to solve many
types of difference and differential equations without restoring to a new frequency domain.

2 PRELIMINARY RESULTS, NOTATIONS AND TERMINOLOGY
In this section we give definitions and some basic results which are used in the paper.

Definition 2.1 : Consider a set A defined as

1t
T

A={f()|3IM,z,,z, >0, f(t)|<Me ifte(-1)' x[0,0)}.(1)
For all real t >0, the Sumudu transform of a function f(t) € A, denoted by F(u) = S[f (t)], is defined as

—t
F(u)=S[f@®)]u)= .[:%e“f(t)dt, ue(-7,7,) (2)

The function f(t) in equation (2) is called the inverse Sumudu transform of F(u) and is denoted by

f(t)=S"[FQ)I

Definition 2.2: A real function f(t), t>0 is said to be in space C, ue R if there exists a real number

n(> ), such that f(t)=t"f,(t), where f,(t)eC[0,0), and is said to be in space C:j if and only if

feC,, keN.[3]

Definition 2.3 : The Caputo’s fractional derivative of f is given by [1]

¢ ~a 1 ¢ ()
a Dt f (t) - l_,(a _ n) _L (t _T)a+l—n dT’ (3)

where f eC",n-1<a<n,neN.
Theorem 2.1: If for a positive integer n, —1<n-1<gag<n, and F(u) is the Sumudu transform of the

function f(t), then the Sumudu transform of the Caputo fractional derivative of order «, denoted as
S[; D f(t)] = F; (u), is given by [7]

Fo(u)=S[EDf f ()] = u‘“[F(u)—niuk[f ©t)]o]—l<n-1<a<n, (4)

k=0

where n is the smallest integer greater than « .
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Theorem 2.2: Let F(u) and G(u) be the Sumudu transforms of f (t) and g(t) respectively. If

t
ht) =(f(®)*g) = Lf (r)g(t-7)dz
where * denotes convolutionof f and g, then the Sumudu transform of h(t) is [5]
S[h(t)] = uF (u)G(u).

3 Application of Sumudu Transform To The Fractional Differential Equations [6]. :
Now, we obtain the solution of some fractional differential equations using Sumudu transform method .

Example (1) We consider fractional differential equation of the form [2]

Dy(t) = f (1) 3.1)
with initial conditions y® (0) = ¢,k =0,1,2,3,...n—1, where n is the smallest integer greater than « such
that —-1<n-1<a<n.

Solution: Let f(t) € A. Applying the Sumudu transform on both side of equation (5) we get,

n-1
U=y (u) =Y U y®(0) = F(u). (3.2)
k=0
Using initial conditions and simplying,we have
n-1
Y (u) =u“{F(u)+ > cu}. (3.3)
k=0
Taking the inverse Sumudu transform and using convolution theorem, we get
t—7)*" f(r)dr (3.4
y(t) = Zkr(k 3 e )j( )" f(z)d7 (34)

which is the solution of equation (3.1).
Case (I) : Consider the Fractional Differential equation

3
D2y(t) =1 (3.5
with initial conditions y(0) =0, y'(0) =0.
Solution: Applying the Sumudu transform on both side of equation (3.5), we get,

S(D2y(t)) = S(1)
U?Y (u)- u%gy(O) - u%ly’(O) =1
u%3Y (=1

Y(Uu)=u

Applying the inverse Sumudu transform ,we get

—
N w

y(t) =
rc)
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_A
y(t)—st\E

which is the solution of equation (3.5).
Case (1) : Consider the Fractional Differential equation

1
D2y(t) =¢', (3.6)
with initial condition y(0)=1.
Solution : Applying the Sumudu transform on both side of equation (3.6), we get

1

S(D2y(t)) =S(e')

-1 -1 1
Uy (u)-u?y(0)= =
1-u

-1 -1

— =
uzY(u)-u? =—
1-u

u

Y(u)=1+
(u) U

Applying the inverse Sumudu transform, we get

y(t) =1+e'erf (1),
which is the required solution of equation (3.6).
Case (I11) : Consider the Fractional Differential equation
1
D2y(t) =sint, (3.7)
with initial condition y(0) =1.

Solution : Applying the Sumudu transform on both side of equation (3.7), we get,

S(D2y(t)) = S(sin(t))

LY (W)-u?y(0) =

1+u

-1

-1
u?Y(u)—-u? = u

1+u?

N w

u

y(u) :1+1

uz’

Applying the inverse Sumudu transform and using convolution theorem, we get

y(t) = S(1) + S [U)Wu )(1+1u2)]

y() =1+ jgz\ﬁ cos(t—7)d.

which is the required solution of equation (3.7).
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Example (2) Consider fractional differential equation of the form [2]
D*y(t) + D”y(t) = f (1), (3.8)

with initial conditions y®(0)=¢c,,k=0,1,2,...,1-1, where a and /3 are positive numbers with & >0,
f>0,1-1<a<l,leN,0<f<a and a—|+1> f and | is the smallest integer greater than « .

Solution : Let f(t) € A. Applying the Sumudu transform on both side of equation (3.9), we get
(U™ +u”)Y (u)- Iz_l:u ey(0(0)— miuk‘ﬁy(k) (0)=F(@u), (3.9
r=0 k=0
here m is the smallest integer greater than £, thus
Y(U)=Uu“*+u?){F(u)+ Iiu ey (0)+ Eiu “£y®(0)} (3.10)
r=0 k=0
Applying the inverse Sumudu transform to the equation (3.8) and using initial conditions, we get
y(t) =S U™ +u?)[F(u) +Iicru“’”‘ +§cku"’ﬂ]du} (3.11)
r=0 k=0

which is the solution of equation (3.8).
Case (I) : Consider the Fractional Differential equation

3 1

D2y(t)+ D2y(t) =t, (3.12)
with initial conditions y(0) =0, y'(0) =0.
Solution : Applying the Sumudu transform on both side of equation (3.12), we get

S[D2y(t)]+S[D?y(®)]=S(t)
u_;Y (u) —u_73y(0)—u_71y'(0) +u_71Y (W —u;y(O) =u
(u_73 + u%l)Y (W=u

3

u
YW=
uz+u?

Y(u):uzﬂ.
u+l

Applying the inverse Sumudu transform and using the convolution theorem, we get

y(®) = S‘1[(U)(u)(£)]

y(t) = (i) [ e "erf (iWr)(t - 7)dz

which is the solution of equation (3.12).
Case (I1) : Consider the Fractional Differential equation

3 1

D2y(t)+ D2y(t) =sint, (3.13)
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with initial conditions y(0) =0, y'(0) =0.

Solution: Applying the Sumudu transform on both side of equation (3.13), we get
3 1

S[D?y(t)]+S[D2y(t)]= S(sint)

-3 -3 -1

u2Y(u)-u2y(0)-u2y'(0)+u

-1 -1

-3 -1

(U2 +u?)Y ()= —
1+u
2 u
YW= Ly @
Y (u) = u_

(u+1) (1+u?)

Applying the inverse Sumudu transform and the convolution theorem, we get

iy YU
1

y(t) = (—i).[;e’ferf (i\/?)sin(t —7)dr
which is the solution of equation (3.13).
Case (I11) : Consider the Fractional Differential equation
3 1
D2y(t)+D2y(t) =¢', (3.14)
with initial conditions y(0) =1 ,y'(0) = 2.

3

Solution : Applying the Sumudu transform on both side of equation (3.14), we get
1
S[D?y(®)]+S[D?y(t)] = S(e")

-3 -3 -1 1 4 1
u2Y(u)—u2y(0)—u?y'(0)+u2Y(u)-u y(o)—l_
2 7 = -
(U2 +u2)Y(U)-u2 —2u? —u?2 = —
1-u
3
3u uz
Y(u)= (

1+u 1+u 1 u)

Applying the inverse Sumudu transform and using the convolution theorem, we get
3
3u u?
t)y=S" +
v = (1+ u 1+u 1-u?

y() = S‘1(

. . 1
)+s u- 31—)+s u- \/_1 2)
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— ot [faa—(t-0) 't | T .
yt)=e +j03e dr+IOZJ; cosh(t—rz)dr

which is the solution of equation (3.14).

4 CONCLUSION
The Sumudu transform is an useful operational transform method which plays an important role in treating
homogenous and non-homogeneous fractional differential equations of Caputo type.
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